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For broadband quantum noise reduction of gravitational-wave detectors, frequency-dependent
squeezed vacuum states realized using a filter cavity is a mature technique and will be implemented
in Advanced LIGO and Advanced Virgo from the fourth observation run. To obtain the benefit of
frequency-dependent squeezing, detuning and alignment of the filter cavity with respect to squeezed
vacuum states must be controlled accurately. To this purpose we suggest a new length and alignment
control scheme, using coherent control sidebands which are already used to control the squeezing
angle. Since both squeezed vacuum states and coherent control sidebands have the same mode
matching conditions and almost the same frequency, detuning and alignment of the filter cavity can
be controlled accurately with this scheme. In this paper, we show the principle of this scheme and
its application to a gravitational-wave detector.
I. INTRODUCTION
Gravitational-waves (GW) were first detected by Ad-
vanced LIGO in 2015 [1] and since then many more GW
observations were performed by Advanced LIGO and
Advanced Virgo [2]. To increase the number of detec-
tions, the sensitivity of the detectors must be constantly
improved. One of the main noise sources which limits
the sensitivity of GW detectors is the so-called quan-
tum noise. Quantum noise is divided into shot noise,
which limits the sensitivity at high frequency and ra-
diation pressure noise, which limits the sensitivity at
low frequency. An effective way to reduce quantum
noise is to inject squeezed vacuum states into the in-
terferometer [3]. The reduction of quantum noise with
squeezing was realized for the first time at GEO600 [4]
and it has been recently implemented also in Advanced
LIGO and Advanced Virgo since the beginning of the
third observation run (O3) [5, 6]. However, conventional
frequency-independent phase squeezed vacuum states in-
creases radiation pressure noise at low frequency while
it reduces shot noise at high frequency. For broadband
quantum noise reduction, frequency-dependent squeez-
ing produced with a filter cavity is the most promising
technique [7]. Advanced LIGO and Advanced Virgo plan
to implement frequency-dependent squeezing with 300 m
filter cavities from the fourth observation run (O4) [8]. In
order to achieve the frequency-dependence below 100 Hz,
the cavity has to be operated in a detuned configuration
and it needs a storage time of about 3 ms.
Demonstration of frequency-dependent squeezing be-
low 100 Hz, necessary for broadband quantum noise re-
duction in GW detectors, has been recently achieved with
a 300 m filter cavity [9].
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One of main challenges in the production of frequency-
dependent squeezing by using filter cavities is the length
and alignment control of the filter cavity itself. In fact,
since squeezing is a vacuum state with no coherent am-
plitude, it is not suitable to provide the error signals
necessary for the control. The use of auxiliary fields is
therefore needed. In previous experiments [9], the filter
cavity was controlled with an auxiliary green field with
a wavelength of 532 nm while the squeezed field is at
the GW detector laser wavelength, 1064 nm. However,
controlling length and alignment of the filter cavity with
the green field does not ensure the alignment of squeezed
field to the filter cavity, since the overlap of the green and
squeezed field can drift. In addition, fluctuation of the
relative phase delay between green and infrared induced
by anisotropies or temperature dependency of the cavity
mirror coating can lead to a detuning fluctuation [10].
The squeezed field is produced by a parametric down-
conversion process inside an optical parametric oscillator
(OPO). The use of an auxiliary field which is resonat-
ing inside the OPO, ensures that it is perfectly spatially
overlapped with the squeezed field. For what concern the
length control of the filter cavity, a recent work has suc-
cessfully tested a scheme which uses an additional aux-
iliary field with a small frequency offset with respect to
the squeezing field injected into the OPO [11].
In this paper, we suggest a new length and alignment
control scheme whose error signal is provided by the so-
called coherent control field. Such field is included in
all the squeezed vacuum sources for GW detectors and
it is used to control the squeezing angle [12]. Since the
coherent control sidebands (CCSB) are produced inside
the OPO together with the squeezed vacuum states, they
have the same mode matching conditions and almost
the same frequency. The relative frequency of carrier
and CCSB can be controlled accurately with a frequency
offset phase locked loop and can be tuned so that car-
rier is properly detuned. Such difference is only of few
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2MHz which makes negligible any possible effect due to
the coating. Therefore, length and alignment control
with CCSB ensures proper detuning and alignment of
the squeezed vacuum states to the filter cavity.
This paper is organized as follows: in section II A and
II B, the error signal for the length and alignment con-
trol of the filter cavity are theoretically derived. In sec-
tion II C, the application of such control scheme to a
GW detector is presented. In section II D, the coupling
between the coherent control loop and the filter cavity
length control loop is studied. In section II E, reshap-
ing of frequency-dependent phase noise and an updated
squeezing degradation budget with this control scheme
are presented. In section III, the computation of noise
requirements to ensure the feasibility of such technique
is presented.
II. PRINCIPLE
A. Filter cavity error signal
When coherent control field, which is detuned by Ωcc
with respect to carrier frequency ω0, is injected into
OPO, a sideband which is detuned by −Ωcc is generated
by nonlinear effect [12]. Coherent control field passing
through OPO can be written as
Ecc =
1
2
(
acc
g + 1√
g
)
ei(ω0+Ωcc)t
+
1
2
(
acc
g − 1√
g
)
ei(ω0−Ωcc)t+i2φgreen (1)
where acc is the amplitude of the coherent control field,
g is the nonlinear gain, φgreen is the relative phase of
the coherent control field and its sideband generated by
OPO. φgreen is kept constant by the coherent control loop
to control the squeezing angle. There are two coherent
control loops and φgreen is controlled by the first coherent
control loop. We assume that φgreen is kept 0, but has
residual noise around 0, φgreen = δφgreen << 1.
To obtain proper frequency-dependent squeezing from
a filter cavity, the carrier must be detuned properly from
the resonance of the filter cavity. By choosing the fre-
quency of coherent control field (Ωcc) as follows, the co-
herent control field can be resonant inside the filter cavity
while the carrier is properly detuned (FIG. 1):
Ωcc = n× ωFSR + ∆ωfc,0 (2)
where n is an integer number, ωFSR = 2pifFSR is the
free spectral range of the filter cavity and ∆ωfc,0 is the
optimal filter cavity detuning with respect to carrier. In
this condition, the coherent control sideband at −Ωcc
is detuned by −2∆ωfc,0 with respect to the filter cavity
resonance and so almost reflected by the filter cavity.
The coherent control sidebands reflected by the filter
cavity is
Ecc = a+r+e
i(ω0+Ωcc)t + a−r−ei(ω0−Ωcc)t+i2δφgreen (3)
!
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FIG. 1. Frequency relationship inside the filter cavity. Red
dashed line is carrier, orange and blue lines are coherent con-
trol sidebands.
where a± is
a± = acc
g ± 1
2
√
g
(4)
and r± = rfc(±∆ωfc,0,∆ωfc) is the complex reflectivity
of the filter cavity and can be written as [13]
rfc(±∆ωfc,0,∆ωfc) ' 1− 2− 
1 + iξ(±∆ωfc,0,∆ωfc) (5)
where
 =
fFSR
γfc
Λ2rt (6)
ξ(±∆ωfc,0,∆ωfc) = ±∆ωfc,0 −∆ωfc
γfc
(7)
with γfc the filter cavity half-bandwidth and Λrt the fil-
ter cavity round trip losses. ∆ωfc is a variable which
represents the filter cavity detuning.
Amplitude and phase of the filter cavity reflectivity for
CCSB can be written as
ρ±(∆ωfc) = |rfc(±∆ωfc,0,∆ωfc)|
=
√
1− (2− )
1 + ξ2(±∆ωfc,0,∆ωfc) (8)
α±(∆ωfc) = arg(rfc(±∆ωfc,0,∆ωfc))
= arg(−1 + + ξ2(±∆ωfc,0,∆ωfc)
+ i(2− )ξ(±∆ωfc,0,∆ωfc)) (9)
Filter cavity error signal can be obtained by detecting
the beat note of the CCSB:
Pcc =
∣∣∣a+r+ei(ω0+Ωcc)t + a−r−ei(ω0−Ωcc)t+i2δφgreen ∣∣∣2
= (DC term) + 2a+a−Re{r+r∗−ei(2Ωcct−2δφgreen)}
(10)
Demodulating this signal by sin (2Ωcct− α−(∆ωfc,0))
(In-phase) and cos (2Ωcct− α−(∆ωfc,0)) (Quadrature)
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FIG. 2. Filter cavity error signal normalized with respect
to a+a−. The horizontal axis is the filter cavity detuning
normalized with respect to ∆ωfc,0. Red line is intracavity
power of carrier in the filter cavity, blue and green lines are the
filter cavity error signal (In-phase and Quadrature). The filter
cavity error signal (In-phase) becomes 0 when ∆ωfc = ∆ωfc,0.
and low-passing it, filter cavity error signal as a function
of the filter cavity detuning ∆ωfc is
PI = −a+a−ρ+(∆ωfc)ρ−(∆ωfc)
× sin (α+(∆ωfc)− α−(∆ωfc) + α−(∆ωfc,0)− 2δφgreen)
(11)
PQ = a+a−ρ+(∆ωfc)ρ−(∆ωfc)
× cos (α+(∆ωfc)− α−(∆ωfc) + α−(∆ωfc,0)− 2δφgreen)
(12)
The relative phase noise of CCSB δφgreen is a noise source
for the filter cavity error signal. When δφgreen = 0, the
filter cavity error signal (11), (12) normalized with re-
spect to a+a− is shown in FIG. 2. The parameters used
in this calculation are shown in TABLE I.
Filter cavity length noise δLfc causes detuning noise
δ∆ωfc as follows,
δ∆ωfc =
ω0
Lfc
δLfc (13)
where Lfc is filter cavity length. When ∆ωfc = ∆ωfc,0 +
δ∆ωfc, the filter cavity error signal (In-phase) (11) is
PI ∝ − sin (α+(∆ωfc,0 + δ∆ωfc)− α−(∆ωfc,0 + δ∆ωfc)
+ α−(∆ωfc,0))
' − sin (α+(∆ωfc,0 + δ∆ωfc)) ' 2δ∆ωfc
γfc
=
8F
λ
δLfc
= 9.7 mrad
(
1064 nm
λ
)( F
4360
)(
δLfc
0.3 pm
)
(14)
where λ is wavelength of carrier, F is filter cavity finesse.
Here we only considered the phase of coherent control
field which is on resonance of the filter cavity since this
phase noise is dominant compared with the phase noise
of the other coherent control sideband which is off reso-
nance of the filter cavity. We also assumed  << 1 and
TABLE I. Parameters for 300 m filter cavity [15].
Parameter Symbol Value
Filter cavity length Lfc 300 m
Filter cavity half-bandwidth γfc 2pi × 57.3 Hz
Filter cavity detuning ∆ωfc,0 2pi × 54 Hz
Filter cavity finesse F 4360
Filter cavity input mirror transmissivity t2in 0.00136
Filter cavity round trip losses Λ2rt 80 ppm
Injection losses Λ2inj 5 %
Readout losses Λ2ro 5 %
Mode-mismatch losses Λ2mmFC 2 %
(squeezer-filter cavity)
Mode-mismatch losses Λ2mmLO 5 %
(squeezer-local oscillator)
Frequency-independent phase δφ 30 mrad
noise (rms)
Filter cavity length noise (rms) δLfc 0.3 pm
Injected squeezing σdB 9 dB
δ∆ωfc/γfc << 1, which is true for parameters shown in
TABLE I. Since the relative phase noise of CCSB δφgreen
can be stabilized by the first coherent control loop below
1.7 mrad [14], the filter cavity error signal (14) can be
obtained with a good enough SNR.
B. Alignment of a filter cavity
Coherent control sidebands can be also used to control
alignment of a filter cavity by wavefront sensing [16].
Misalignment of the filter cavity axis with respect to
input beam axis γ and misalignment of immediately re-
flected beam axis with respect to the filter cavity axis γr
can be written as
γ = δx/w0 + iδθ/θ0 (15)
γr = δx
′/w0 + iδθ′/θ0 (16)
where w0 is the beam radius at waist position, θ0 =
2/kw0 is the beam divergence, k is the wave number.
δx, δx′ represent the transverse displacement in x axis
direction and δθ, δθ′ represent the tilt around y axis,
where z axis is the beam axis and y axis is orthogonal to
the x, z axis. z = 0 is the beam waist position.
We define C and S as
C = rc0γr + rc1γ
∗ (17)
S = rs0γr + rs1γ
∗ (18)
where rc0, rc1 are the filter cavity reflectivity of Hermite-
Gaussian (HG) 00 and 10 mode of coherent control field
and rs0, rs1 are the filter cavity reflectivity of HG 00
and 10 mode of coherent control sideband. 2Ωcc term of
the filter cavity error signal (10) can be written as (see
4Appendix A)
Pcc(2Ωcc) ∝ Re{rcr∗sei2Ωcct}
= Re{(U00rc0 − U10C)(U∗00r∗s0 − U∗10S∗)ei2Ωcct}
= Re{(U00U∗00rc0r∗s0 − U00U∗10rc0S∗
− U∗00U10r∗s0C + U10U∗10CS∗)ei2Ωcct} (19)
where U00, U10 are normalized Hermite-Gaussian modes
and can be written as [17],
U00(x, y, z) =
√
2
piw2(z)
exp [−i(kz − η(z))
− (x2 + y2)
(
1
w2(z)
+
ik
2R(z)
)]
(20)
U10(x, y, z) =
1√
2
H1
(√
2x
w(z)
)
exp(iη(z))U00 (21)
where H1 is the 1st order Hermite polynomial, w(z) is the
beam radius, η(z) is the gouy phase, R(z) is the beam
radius of curvature and can be written as
w(z) = w0
√
1 + z2/z20 (22)
η(z) = arctan (z/z0) (23)
R(z) = z(1 + z20/z
2) (24)
z0 = kw
2
0/2 (25)
The wavefront sensing (WFS) signal W is given by
the sum of the second and third term of (19). Defining
U = U00U
∗
10,
W ∝ Re({−Urc0(r∗s0γ∗r + r∗s1γ)
− U∗r∗s0(rc0γr + rc1γ∗)}ei2Ωcct)
= Re({−rc0r∗s0(Uγ∗r + U∗γr)
− rc0r∗s1Uγ − rc1r∗s0U∗γ∗}ei2Ωcct) (26)
Differential signal of W in x axis direction with a quad-
rant photo diode is
Wdiff =
∫ ∫
dxdy{W (x > 0)−W (x < 0)} (27)
Since∫ ∫
dxdy{U(x > 0)− U(x < 0)} =
√
2
pi
e−iη(z) (28)
WFS signal is
Wdiff ∝
√
2
pi
Re({−rc0r∗s0(e−iηγ∗r + eiηγr)
− rc0r∗s1e−iηγ − rc1r∗s0eiηγ∗}ei2Ωcct) (29)
Demodulating by sin (2Ωcct− α−(∆ωfc,0)) (In-phase)
and low-passing it, first term of (29), which is propor-
tional to filter cavity error signal, will disappear.
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FIG. 3. Filter cavity WFS signal normalized with−
√
2
pi
a+a−.
Red line is displacement signal with δx = w0 and blue line is
tilt signal with δθ = θ0.
WFS signal after demodulation is
WI = −
√
2
pi
a+a−
× {Re(−rc0r∗s1e−iηγ − rc1r∗s0eiηγ∗) sinα−(∆ωfc,0)
+ Im(−rc0r∗s1e−iηγ − rc1r∗s0eiηγ∗) cosα−(∆ωfc,0)}
(30)
WFS signal is shown in FIG. 3. Displacement and tilt
signal of the filter cavity can be obtained with two dif-
ferent gouy phase.
C. Experimental setup
An example of experimental setup when this scheme is
implemented in GW detectors is shown in FIG. 4. Filter
cavity error signal with CCSB can be obtained at output
mode cleaner (OMC) reflection since CCSB are almost
fully reflected by OMC while carrier almost transmits
through OMC. The error signal is demodulated by 2Ωcc
and fed back to the filter cavity length. The error signal
of the first coherent control loop to control the relative
phase between the green field injected into OPO and the
coherent control field can be obtained at OPO reflection
and fed back to the green field path length. The error
signal of the second coherent control loop to control the
relative phase between the carrier and the coherent con-
trol field is obtained at OMC transmission and fed back
to phase locked loop (PLL) between interferometer laser
and squeezer laser [18].
D. Coherent control error signal
The filter cavity control loop with CCSB affects the
second coherent control loop which controls the relative
phase between the coherent control field (CC) and the lo-
cal oscillator (LO). In the case of GW detectors, the LO is
5OMC
Filter Cavity
Squeezer Laser
Coherent Control Laser
SHG
OPO
2
2
PLL
PLL
cc
Interferometer
cc
cc
cc
Interferometer Laser
FIG. 4. An example of experimental setup. Red solid line is
the carrier and red dashed line is the squeezed vacuum states.
Orange line is the coherent control field. Green line is the
green pump field which is produced by the second harmonic
generator (SHG) and injected into the OPO.
the interferometer laser. In this section, we will calculate
the error signal of the second coherent control loop. For
simplicity, here we write ρ±(∆ωfc) = ρ±, α±(∆ωfc) = α±
and α±(∆ωfc,0) = α±,0.
Signal at OMC transmission is
Pcc ∝
∣∣∣a0ei(ω0t+φLO) + a+ρ+ei(ω0+Ωcc)t+i(φCC+α+)
+ a−ρ−ei(ω0−Ωcc)t+i(φCC+α−+2δφgreen)
∣∣∣2
= 2a0a+ρ+ cos (Ωcct− φLO + φCC + α+)
+ 2a0a−ρ− cos (Ωcct+ φLO − φCC − α− − 2δφgreen)
+ (DC term) + (2Ωcc term) (31)
where a0 is the relative amplitude of LO and φLO, φCC
are the phase noise of LO and CC respectively.
Demodulating (31) by cos (Ωcct+ θdm) and low-
passing it, where demodulation phase θdm is
θdm =
α+,0 − α−,0
2
(32)
we find
PI = a0a+ρ+ sin
(
−φLO + φCC + αp,0 + δα+ + pi
2
)
− a0a−ρ−sin
(
φLO − φCC − αp,0 − δα− − pi
2
− 2δφgreen
)
(33)
where
αp,0 =
α+,0 + α−,0
2
(34)
δα± = α± − α±,0 (35)
The squeezing angle φsqz is the relative phase between LO
and CC reflected by the filter cavity and can be written
as
φsqz = φLO − φCC − αp,0 (36)
When the squeezing angle is different from pi/2 (squeeze
quadrature) by δφsqz, (36) can be written as
φsqz = φLO − φCC − αp,0 = pi
2
+ δφsqz (37)
The coherent control error signal (33) can be written as
PI = a0a+ρ+{ − (1 + aρ)δφsqz + 2(δαp(∆ωfc, a, ρ)
+ aρδφgreen)} (38)
where a = a−/a+ is the unbalance of amplitude of CCSB
and ρ = ρ−/ρ+ is the unbalance of filter cavity reflectiv-
ity of CCSB. δαp(∆ωfc, a, ρ) is
δαp(∆ωfc, a, ρ) =
δα+ + aρδα−
2
(39)
The first term in (38) is the relative phase noise between
CC and LO which does not include the phase noise com-
ing from the filter cavity (frequency-independent phase
noise), the second term is the phase noise of CCSB
coming from the filter cavity length noise (frequency-
dependent phase noise at the detuning frequency) and
the third term is the phase noise coming from the rela-
tive phase noise of CCSB. The second term is the cou-
pling from the filter cavity control loop which reshapes
frequency-dependent phase noise as explained in the fol-
lowing section.
E. Reshaping of frequency-dependent phase noise
The coherent control error signal calculated in Sec.
II D reshapes frequency-dependent phase noise which
comes from the filter cavity length noise. This is caused
by the coupling between the filter cavity length control
loop and the coherent control loop as shown in FIG. 5.
FC length
CC phase
differential
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common
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common = Frequency-independent phase noise, first term 
in eq. (38)
common = Frequency-dependent phase noise at the detuning 
frequency, second term in eq. (38)
Filter cavity length control loop
Coherent control loop
FIG. 5. Coupling between the filter cavity length control loop
and the coherent control loop.
6The fluctuation of the filter cavity length causes both
differential and common phase noise of CCSB. The differ-
ential phase noise of CCSB is the filter cavity error signal
while the common phase noise of CCSB is frequency-
dependent phase noise at the detuning frequency, which
is the second term in (38). This frequency-dependent
phase noise at the detuning frequency couples to the co-
herent control loop and is suppressed by the feedback
loop while the frequency-dependent phase noise is in-
creased at high frequency. In this section, we will explain
the detail calculation of the frequency-dependent phase
noise with feedback of coherent control loop.
Calculation of frequency-dependent phase noise is de-
scribed in [13] and the calculation of this section will use
the same formalism. For more details of the computa-
tion, see Appendix B.
Assuming multiple incoherent noise parameters Xn in
quantum noise Nˆ have small Gaussian-distributed fluc-
tuations with variance δX2n, the average readout noise is
given by
Nˆavg ' Nˆ +
∑
n
(
Nˆ(Xn + δXn) + Nˆ(Xn − δXn)
2
− Nˆ
)
(40)
For frequency-independent phase noise, Xn = φ which
is the injection squeezing angle. For the frequency-
dependent phase noise, Xn = ∆ωfc,0 which is the filter
cavity detuning.
First we will explain about the calculation of
frequency-independent phase noise which is necessary in
order to calculate frequency-dependent phase noise with
feedback from coherent control loop. The transfer matrix
of the squeezer can be written as a function of injection
squeezing angle φ,
S = Rφ
(
eσ 0
0 e−σ
)
R−φ (41)
where R is a rotation matrix and e−σ is injection squeez-
ing level. Frequency-independent phase noise can be rep-
resented by variations of injection squeezing angle, δφ.
To calculate the effect of phase noise only, we restrict
our discussion to an optimally matched filter cavity and
no injection, readout losses. Noise due to vacuum fluctu-
ations passing through the squeezer, Nˆ1 can be written
as (see Appendix B)
Nˆ1(φ) = A cos
2 φ+ 2B cosφ sinφ+ C sin2 φ (42)
A = (ρ2pe
−2σ + ρ2me
2σ)(cosαp +K sinαp)2
+ (ρ2pe
2σ + ρ2me
−2σ)(K cosαp − sinαp)2 (43)
B = (e2σ − e−2σ)(ρ2m − ρ2p)
× (cosαp +K sinαp)(K cosαp − sinαp) (44)
C = (ρ2pe
2σ + ρ2me
−2σ)(cosαp +K sinαp)2
+ (ρ2pe
−2σ + ρ2me
2σ)(K cosαp − sinαp)2 (45)
where
ρp
m
=
ρ+ ± ρ−
2
, αp
m
=
α+ ± α−
2
ρ± = |rfc(±Ω,∆ωfc)| (46)
α± = arg(rfc(±Ω,∆ωfc))
Ω is sideband frequency and was fixed to ∆ωfc,0 in Sec.
II A-II D. K is the optomechanical coupling factor of the
interferometer,
K =
(
ΩSQL
Ω
)2
γ2ifo
Ω2 + γ2ifo
(47)
where ΩSQL is frequency at which quantum noise reaches
the standard quantum limit and γifo is the interferometer
bandwidth. In the case of KAGRA, ΩSQL = 2pi × 76.4
Hz, γifo = 2pi×382 Hz [15]. When φ = 0, Nˆ1(φ = 0) = A
and this represents the quantum noise of an optimally
matched filter cavity with no injection and readout losses,
(44) in [13].
From (40), frequency-independent phase noise of Nˆ1
can be calculated as
Nˆ1,avg(φ) =
Nˆ1(δφ) + Nˆ1(−δφ)
2
= A cos2 δφ+ C sin2 δφ
(48)
Frequency-dependent phase noise can be calculated by
averaging Nˆ1(∆ωfc,0 + δ∆ωfc) and Nˆ1(∆ωfc,0 − δ∆ωfc).
However, when there is detuning noise, there is also feed-
back from coherent control loop (39). As shown in FIG.
4, this feedback from coherent control loop is sent to the
squeezer laser and changes the injection squeezing angle
φ. Therefore, the frequency-dependent phase noise of Nˆ1
with feedback from coherent control loop can be calcu-
lated as
Nˆ1,avg(φ,∆ωfc,0)
=
1
2
{
Nˆ1(−δαp(∆ωfc,0 + δ∆ωfc, a, ρ),∆ωfc,0 + δ∆ωfc)
+ Nˆ1(−δαp(∆ωfc,0 − δ∆ωfc, a, ρ),∆ωfc,0 − δ∆ωfc)
}
(49)
Note that frequency-dependent phase noise δαp is small
above cavity pole of the filter cavity ∼ 60 Hz and we
assumed that the gain of the coherent control loop below
60 Hz is large so that the feedback of the coherent control
loop is perfect.
FIG. 6 and 7 shows quantum noise relative to coher-
ent vacuum with filter cavity length noise δLfc = 0.3 pm
and 3 pm. The frequency-dependent phase noise with
this scheme and with conventional scheme is shown as
purple line and dotted purple line which are almost over-
lapping in FIG. 6. Parameters used in this calculation
are shown in TABLE I. Unbalance of filter cavity relfec-
tivity of CCSB is ρ = 1.1 and we assumed unbalance of
amplitude of CCSB is a = 1 (g >> 1). As shown in FIG.
6, frequency-dependent phase noise with this scheme and
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FIG. 6. Quantum noise relative to coherent vacuum with δLfc = 0.3 pm. Solid purple and black lines are frequency-dependent
phase noise and total noise with this scheme. Dotted purple and black lines are frequency-dependent phase noise and total
noise with conventional scheme. The solid lines and dotted lines are overlapping since the effect of frequency-dependent phase
noise is small.
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FIG. 7. Quantum noise relative to coherent vacuum with δLfc = 3 pm.
conventional scheme is small and almost the same with
δLfc = 0.3 pm. However, as shown in FIG. 7, frequency-
dependent phase noise with this scheme is suppressed at
low frequency by the feedback from coherent control loop
while it is increased at high frequency.
III. NOISE CALCULATION
The requirement of locking accuracy of the filter cav-
ity (filter cavity length noise) δLfc is 0.3 pm. In this
section, we show that shot noise and PLL noise satisfy
this requirement.
A. Shot noise
For simplicity, we assume that power of CCSB at OMC
reflection are same, P+ = P− = 10 uW.
1. Shot noise of coherent control sidebands
Shot noise of CCSB is given by
Pshot =
√
2~ω0(P+ + P−) (50)
Here we assumed that carrier and CCSB frequencies are
almost the same. This shot noise within filter cavity con-
trol bandwidth becomes filter cavity length noise by filter
8cavity control loop. This shot noise is the most funda-
mental limit of the filter cavity error signal SNR. Starting
from (11) and (14), we can write the shot noise contri-
bution to the filter cavity length noise as follows,√
P+P−
8F
λ
δLfc >
√
2~ω0(P+ + P−)∆f (51)
δLfc >
λ
4F
√
~ω0
2
(
1
P+
+
1
P−
)
∆f
= 2.2× 10−17 m
×
(
4360
F
)(
10 uW
P±
)1/2(
∆f
10 Hz
)1/2
(52)
where ∆f is filter cavity control bandwidth and set
by requirement of backscattering noise [19]. Using the
parameters in TABLE I, the requirement of the filter
cavity length noise δLfc = 0.3 pm is not limited by the
shot noise of CCSB.
2. Shot noise of junk light
When the filter cavity error signal is obtained at OMC
reflection, junk light at OMC reflection contributes to the
shot noise. We can compute the maximum power of this
junk light at OMC reflection which allows not to spoil
the filter cavity error signal as follows,√
P+P−
8F
λ
δLfc >
√
2~ω0Pjunk∆f (53)
Pjunk < 32
P+P−
~ω0∆f
δL2fc
λ2
F2
= 2.6 kW
×
(
P±
10 uW
)2( F
4360
)2(
δLfc
0.3 pm
)2(
10 Hz
∆f
)
(54)
According to (54), using parameters in TABLE I, Pjunk <
2.6 kW in order not to spoil the filter cavity error signal
and this requirement can be satisfied in KAGRA [20].
B. PLL noise
The PLL which controls the relative phase between the
squeezer laser and the coherent control laser can cause
detuning noise. The PLL frequency noise reflected by
the filter cavity can be written as
SPLL,fc(f) =
SPLL(φ)f√
1 + (f/ffc)2
(55)
where filter cavity half bandwidth is ffc = 57.3 Hz and
PLL phase noise is SPLL(φ) = 5 µrad/
√
Hz within PLL
control bandwidth ∼ 40 kHz. The PLL phase noise has
been chosen so to have rms of PLL phase noise δφPLL = 1
mrad. The rms of PLL frequency noise reflected by the
filter cavity is
δfPLL,fc =
√∫
dfS2PLL,fc(f)
= SPLL(φ)
√∫
df
f2
1 + (f/ffc)2
= SPLL(φ)ffc
√(
f − ffc arctan f
ffc
)
(56)
Integrating (56) between 0 Hz - 40 kHz, the rms of
PLL frequency noise reflected by the filter cavity is
δfPLL,fc = 50 mHz. This corresponds to rms of filter
cavity length noise δLPLL,fc = 0.05 pm which satisfies
the requirement.
IV. CONCLUSION
We suggest a new length and alignment control scheme
of a filter cavity with coherent control sidebands which
are already used to control squeezing angle. It assures
accurate detuning and alignment of the filter cavity
with respect to squeezed vacuum states. It is shown
that coherent control loop reshapes frequency-dependent
phase noise with this scheme. The frequency-dependent
phase noise at low frequency is suppressed by feedback
from the coherent control loop while it is increased at
high frequency. We also showed shot noise and PLL
noise with this scheme satisfies the requirement of
locking accuracy of the filter cavity.
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Appendix A: Matrix formalism of misalignment
Input beam which includes HG 10 mode can be written
as
Ein =
(
U00 U10
)( a0
a1
)
E0e
iωt (A1)
where a0, a1 is amplitude of HG 00, 10 mode. Filter
cavity mode which is displaced in x axis by δx and tilted
9around y axis by δθ with respect to input beam can be
written as [16]
Efc =
(
U00 U10
)
M(γ)
(
a0
a1
)
E0e
iωt (A2)
M(γ) =
(
1 γ
−γ∗ 1
)
(A3)
where γ is (15) and first order of γ is considered.
Reflection matrix of an optimally aligned filter cavity
is
Ralignfc =
(
rc0 0
0 rc1
)
(A4)
Reflection matrix of a misaligned filter cavity in the first
order of γ, γr can be written as
Rmisfc (γ, γr) = M
∗(γr)R
align
fc M(γ)
=
(
rc0 rc0γ + rc1γ
∗
r
−(rc0γr + rc1γ∗) rc1
)
(A5)
Assuming that a0 = 1, a1 = 0 for input beam, reflection
beam from the misaligned filter cavity can be written as
Eref = [U00rc0 − U10(rc0γr + rc1γ∗)]E0eiωt (A6)
Appendix B: Calculation of quantum noise
Calculation of quantum noise in this appendix is based
on [13]. Quantum noise can be divided into three parts,
noise due to vacuum fluctuations passing through the
squeezer N1, noise due to vacuum fluctuations which do
not pass through squeezer N2, noise due to vacuum fluc-
tuations in the readout N3.
Quantum noise at the interferometer readout is given
by
N(ζ) = |bζ ·T1 · v1|2 + |bζ ·T2 · v2|2 + |bζ ·T3 · v3|2
≡ N1 +N2 +N3 (B1)
where vi =
√
2~ω0I (i = 1, 2, 3) is vacuum fluctuation
and I is 2 × 2 identity matrix. bζ = ALO(sin ζ cos ζ) is
local oscillator and N(ζ = 0) is the quantum noise in the
quadrature containing the interferometer signal.
T1 is written as
T1 = τroTifo(T00Tfc +Tmm)Tinj (B2)
Tifo =
(
1 0
−K 1
)
(B3)
Tfc = e
iαmRαp(ρpI− iρmRpi/2) (B4)
T00 = |t00|Rarg(t00),Tmm = |tmm|Rarg(tmm) (B5)
Tinj = τinjRφ
(
eσ 0
0 e−σ
)
R−φ (B6)
where Tifo, Tfc, Tinj are tranfer matrices of interferom-
eter, optimally matched filter cavity and injection field,
respectively. T00, Tmm are mode matching and mode
mismatch matrix.
τinj, τro is injection, readout transmissivity and can be
written as
τinj =
√
1− Λ2inj (B7)
τro =
√
1− Λ2ro (B8)
where Λ2inj, Λ
2
ro are injection, readout losses.
t00, tmm can be written as t00 = a0b
∗
0, tmm =
∑∞
n=1 anb
∗
n
where an, bn are complex coefficients when we express
the squeezed vacuum states and the local oscillator in
the basis of the filter cavity mode and can be written as
Usqz =
∞∑
n=0
anUn,with
∞∑
n=0
|an|2 = 1 (B9)
Ulo =
∞∑
n=0
bnUn,with
∞∑
n=0
|bn|2 = 1 (B10)
where Un are the orthogonal basis of spatial modes and
U0 is the filter cavity fundamental mode.
T2 is written as
T2 = τroTifoΛ2 (B11)
Λ2 =
√
1− (|τ2(Ω)|2 + |τ2(−Ω)|2)/2 (B12)
τ2(Ω) = (t00rfc(Ω) + tmm)τinj (B13)
T3 is written as
T3 = Λro (B14)
Quantum noise normalized with respect to shot noise
level used in Sec. II E is
Nˆ =
N
2~ω0A2LO
(B15)
For calculation of frequency-dependent phase noise, we
can consider only N1 since N2 and N3 are independent
of Tfc. From (B1)-(B8) and (B15), (42) can be derived.
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